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8.1 AREAS AND VOLUMES 


In civil engineering works such as designing of long bridges, dams, reservoirs, etc., the area of 
catchments of rivers is required. The areas of fields are also required for planning and management 
of projects. The area is required for the title documents of land. 


In many civil engineering projects, earthwork involves excavation and removal and dumping 
of earth, therefore it is required to make good estimates of volumes of earthwork. Volume 
computations are also needed to determine the capacity of bins, tanks, and reservoirs, and to check 
the stockpiles of coal, gravel, and other material. 


Computing areas and volumes is an important part of the office work involved in surveying. 


8.2 AREAS 


The method of computation of area depends upon the shape of the boundary of the tract and 
accuracy required. The area of the tract of the land 1s computed from its plan which may be 
enclosed by straight, irregular or combination of straight and irregular boundaries. When the boundaries 
are straight the area is determined by subdividing the plan into simple geometrical figures such as 
triangles, rectangles, trapezoids, etc. For irregular boundaries, they are replaced by short straight 
boundaries, and the area is computed using approximate methods or Planimeter when the boundaries 
are very irregular. Standard expressions as given below are available for the areas of straight figures. 


Area of triangle — Zab sin C 


m which C is the included angle between the sides a and 5. 


atb, 





Area of trapezium = 


in which a and 5 are the parallel sides separated by perpendicular distance À. 
Various methods of determining area are discussed below. 


Area Enclosed by Regular Straight Boundaries 


If the coordinates of the points A, B, C, etc., for a closed traverse of # sides shown in Fig. 
8.1, are known, the area enclosed by the traverse can be calculated from the following expression. 


l 
A- zb (v: - ¥,)+ xis = Yy PH eerren H Xpo (v, - ya) x Gr ~ yal ...(8.1) 
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1 
zi (x, - x,)- y; (x, = Xy H sss Yu (x,_ -x,)+ y, a — X ) .. (8.2) 


The area can also be computed by arranging the coordinates in the determinant form given 
below. 





Xi 


yy 


The products of the coordinates along full lines is taken positive and along dashed lines 
negative. 
Thus the area 


J 
A- buy; = iX) Xs T Ya eet XL 7 Y4X) (8.3) 


Area Enclosed by Irregular Boundaries 


Two fundamental rules exist for the determination of areas of irregular figures as shown in 
Fig 8.2. These rules are (1) Trapezoida! rule and (ii) Simpson’s rule. 
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Fig. 8.1 Fig. 8.2 
Trapezoidal Rule 


In trapezoidal rule, the area is divided into a number of trapezoids, boundaries being assumed 
to be straight between pairs of offsets. The area of each trapezoid 1s determined and added together 
to derive the whole area. If there are z offsets at equal interval of d then the total area is 


4 sa( 242 +0, +0, I" (8.4) 


While using the trapezoidal rule, the end ordinates must be considered even they happen to be zero. 
Simpson’s Rule 


In Simpson’s rule it is assumed that the irregular boundary is made up of parabolic arcs. The 
areas of the successive pairs of intercepts are added together to get the total area. 
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A - 5|. +O, }+ 4(O, +O, + a + Opa }+ 20, +0; +... +O J ... (8.5) 


Since pairs of intercepts are taken, it will be evident that the number of intercepts » is even. 
If x is odd then the first or last intercept is treated as a trapezoid. 


Planimeter 


An integrating device, the planimeter, is used for the direct measurement of area of all shapes, 
regular or irregular, with a high degree of accuracy. 


The area of plan is calculated from the following formula when using Amsler polar planimeter. 
A- MÍR, - R, £10N +C) ...(8.6) 


where M = the multiplying constant of the instrument. Its value is marked on the tracing 
arm of the mstrument, 


Ay and R; = the final and initial readings, 


N = the number of complete revolutions of the dial taken positive when the zers 
mark passes the index mark in a clockwise direction and ‘negative when 11 
counterclockwise direction, and | 


C = the constant of the instrument marked on the instrument arm just above the 
scale divisions. Its value is taken as zero when the needle point is kept outside 
the area. For the needle point inside, the value of MC is equal to the area of 
zeto circle. 


8.3 VOLUMES 


Earthwork operations involve the determination of volumes of material that is to be excavated or 
embanked in engineering project to bring the ground surface to a predetermined grade. Volumes can 
be determined via cross-sections, spot levels or contours. It is convenient to determine the volume 
from 'standard-type' cross-sections shown in Fig. 8.3, provided that the original ground surface 
is reasonably uniform in respect of the cross-fall, or gradient transverse to the longitudinal centre 
line. The areas of various standard-type of cross-sections have been discussed in various examples. 


Having computed the cross-sections at given intervals of chainage along the centre line by 
standard expressions for various cross-sections, or by planimeter, etc., volumes of cut in the case 
of excavation or volumes of fill in the case of embankment, can be determined using end-area rüle 
or prismoidal rule which are analogous to the trapezoidal rule and Simpson's rule, respectively. 


If the cross-sections are considered to be apart by distance d then by end-areas rule and 
prismoidal rule the volume is given by the following formulae: 


End-areas rule 
+A 
y- (424. Ay t Ay tat 4] 8) 
Prismoidal rule 


V -fa +A, +4(A, + Ag tant AQ, ) + 2(4, +A; tot Aa) (9 
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The prismoidal rule assumes that the earth forms a prismoid between two cross-sections 2d 
apart, and for this to apply the linear dimensions of the mid-section between them should be the 
mean of the corresponding dimensions at the outer sections. The prismoidal formula gives very 
nearly correct volume of earthwork even for irregular end sections and sides that are warped 
surfaces. 


The prismoidal formula though being more accurate than end-areas rule, in practice the end- 
areas rule is more frequently adopted because of the ease of its application. End-areas rule gives 
the computed volumes generally too great which is in favour of contractor. 


Since the end-areas rule gives volume larger than the prismoidal rule, accurate volume by the 
former can be obtained by applying a correction known as prismoidal correction given below. 


Cy = Volume by end-areas rule — volume by prismoidal rule 
d 

- d(A, + 4,)- (4 + A, * 4A,) ...(8.9) 

where A,, = the area of the middle section. 
If ^, and A, are the depths or heights at the midpoints of the sections A, and A,, respectively, 

i, hy + hy 
An for the middle section is = 3 7 
Original ground level Origina] ground level 
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Fig. 8.3 
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For a two-level section, we have 











n^-—s 25 2s 

A, = ns ( +2) a 
? wai 2s 2s 
2 4 2 

A,, = = {hy + >| .5 
n -s 25 28 


where n = the cross-fall (1 in 5) of the original ground, 
s = the side slope (1 in s), and 


b — the width of formation. 


Substituting the values of 4,, A, and in Eq. (8.9), the prismoidal correction for a two-level 


i 2 } weal 4 l J 


In a similar manner, the prismoidal corrections can be obtained for other types of sections. 


The end-areas rule for calculating the volume is based on parallel end-areas, i.e., the two cross- 
sections are normal to the centre line of the route. When the centre line is curved, the cross-sections 
are set out in radial direction and, therefore they are not parallel to one another. Hence the volume 
computed by end-areas rule will have discrepancies and need correction for curvature. 





According to Pappus's theorem, the volume swept by an area revolving about an axis is given 
by the product of the area and the length of travel of centroid of the area, provided that the area 
is in the plane of the axis and to one side thereof. 


if an area 4 1s revolved along a circular path of radius & through a distance L, the volume 
of the solid generated is 


V Aie) (B.A) 


where e is the distance of the centroid of the cross-sections from the centre line AB as shown in 
Fig. 8.4, and it is called as eccentricity of cross-sections. The eccentricity e is taken negative when 
it is inside the centre O and the centre line AB, and positive when outside. 


Volume by Spot Levels 
If the spot levels have been observed at the corners of squares or rectangles forming grid, the 


volume ís calculated by determining the volume of individual vertical prisms of square or rectangular 
base 4 and depth A, and adding them together. The following expression gives the total volume. 
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4 (8.12) 


where 


A = the area of the square or rectangle, 


Centraid line Centre line 





> h= the sum of the vertical depths common to one 
prism, 


2 A, = the sum of the vertical depths common to two 
prism, 
>A, = the sum of the vertical depths common to three 


prism, and 


> A, = the sum of the vertical depths common to four 
prism. 


Fig. 8.4 


Volume from Contours 


Contours are used in a manner similar to cross-sections and the distance between the cross- 
sections is taken equal to the contour interval. The area enclosed by a contour is determined using 
a planimeter. This method of determining volume is approximate since the contour interval 1s 
generally not sufficiently smali to fully depict the irregularities of the ground. 


8.4 HEIGHTS OF POINTS FROM A DIGITAL TERRAIN MODEL 


A digital terrain model (DTM) also is a digital representation of terrain surface by densely distributed 
points of known (X, Y, Z) coordinates. It is also known as digital elevation model (DEM) when 
the Z coordinate represent only elevation of the points. Data for a DTM may be gathered by land 
survey, photogrammetry or from an existing map, of these the photogrammetric methods are most 
widely used. By photogrammetric method the DTM 1s produced in a photogrammetric plotter by 
supplementing it with special processing components which make model digitization possible. The 
stored digital data in the form of (X, Y, Z) coordinates of characteristic points in a computer, allow 
the interpolation of Z coordinates of other points of given coordinates (X, Y). 


When the characteristic points are located in the form of square, rectangular or triangular grid 
layouts, linear interpolation is used to determine the Z coordinates of other potnts. Fig. 8.5a shows 
the spot levels Z,, Zp Ze, and Zp at the nodes 4, B, C, and D, respectively, of the square of side 
L. 


Interpolating linearly between A and B, in Fig. 8.5b, 
Za = Za + (Zy -Z097 


L— 
ars 


Similarly, interpolating between C and D, in Fig. 8.5c, 
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Z = E zz 


Now interpolating between a and b, in Fig. 8.5d, we get the Z coordinate of P. 





Zp = a) 7, 422 
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Fig. 8.5 


8.5 MASS-HAUL DIAGRAM 


A mass-haul diagram or curve 1s drawn subsequent to the calculation of earthwork volumes, its 
ordinates showing cumulative volumes at specific points along the centre line. Volumes of cut and 
fill are treated as positive and negative, respectively. Compensation can be made as necessary, for 
shrinkage or bulking of the excavated material when placed finally in an embankment. 
Fig. 8.6 shows a typical mass-haul diagram in which the following characteristics of a mass- 
haul diagram may be noted: 
(a) A to G and S to M indicate decreasing aggregate volume which imply the formation of 
embankment. 


(b) Rising curve from R to B indicates a cut. 


(c) R having a minimum ordinate is a point which occurs in the curve at the end of an 
embankment. 


(d) S having the maximum ordinate is a point which indicates the end of a cut. 
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In a mass-haul diagram for any horizontal line, e.g., GH, the ordinates at G and H will be equal, 
and therefore, over the length GH, the volume of cut and fill are equal, i.e., they are balanced out. 
When the curve lies between the trace line 4BC, earth 1s moved to left, B-R-A, and, similarly, when 
the curve lies above, earth is moved to right, i.e., B-5-C. The length of the balancing line indicates 
the maximum distance that the earth will be transported within the particular loop of the diagram 
formed by the line. Though the base line ABC gives continuous balancing lines AB and BC, but for 
ensuring the most economical solution, the balancing lines should be taken at appropriate place 
without caring for continuity. 


Haul: It is defined as the total volume of excavation multiplied by average haul distance. Tt 
is the area between the curve and balancing line, t.e., area GRA is the haul in length GA. 


Free-haul: It is the distance up to which the hauling is done by the contractor free of charge. 


For this distance the cost of transportation of the excavated material is included in the excavation 
cost. 


Overhaul: it is the excavated material from a cutting moved to a greater distance than the 
free-haul, the extra distance is overhaul. 


Example 8.1. The length of a line originally 100 mm long on a map plotted to a scale of 
1/1000, was found to be 96 mm due to shrinkage of the map. The map prepared using a tape of 
length 20 m was later found to be actually 20.03 m. If a certain area on the map, measured using 
a planimeter, is 282 mm^, determine the correct area on the ground. 


Solution: 
Due to shrinkage in the map, the scale of the map will change from 1/1000 to 1/5 where 


5 = 1000 x 199. 
96 


20.03 
Further, since the 20 m tape was actually 20.03 m, a correction factor c of E" has to be 
applied to all the linear measurements. 
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The correct area on the ground due to change in scale 

A’ = Measured area x (new scaley’ 
Measured area x $^ 
Now the corrected area due to incorrect length of the tape 


I 


A= d'c? 
= 282 x «(1000 x wy, (2%) mne 
96 20 
2 2 
= 282 «100 122) «(335 x —L. m = 307 m. 
96 20 1000 


Example 8.2. The coordinates of traverse stations of a closed traverse ABCDE are given in 
Table 8.1. 


Table 8.1 





Calculate the area enclosed by the traverse. 
Solution (Fig. 8.7): 
Writing the coordinates in determinant form, we get 


A B C D E s 
0 +170 +470 +340 -40 


xX 


0 +320  €90 -110 -220 
E 





Fis. 8 7 
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Thus the area 


A =x [0x 320 0x170 +170x 90 — 320 x 470 + 470 x (- 110) — 90 x 340 
+ 340 x (- 220)- (- 110) (- 40) + (- 40 +} x 0 - (- 220)x 0] 


C 296600) = — 148300 m? 


= 148300 mj? (neglecting the sign) = 14.83 hectares. 
It may be noted that the computed area has negative sign since the traverse has been considered 
clockwise. 
Example 8.3. A tract of land has three straight boundaries AB, BC, and CD. The fourth 
boundary DA 1s irregular. The measured lengths are as under: 


AB = 135 m, BC = 191 m, CD = 126 m, BD = 255 m. 
The offsets measured outside the boundary DA to the irregular boundary at a regular interval 
of 30 m from D, are as below: 


BRUT 





Mem ME | 00 3.7 49 42 28 3.6 0.0 


Determine the area of the tract. 

Solution (Fig. 8.8): 

Let us first calculate the areas of triangles ABD and BCD. 
The area of a triangle is given by 


A= 4S(S - a (S - b(S - c) 


+O+ 
in which a, 5, and ¢ are the lengths of the sides, and $ = 
For A4BD 
Se 135-255 4-180 -285m 
A, = 4/285 x (285 — 135)x (285 — 255)x (285 — 180) 
y 
= 11604.42 m. 
For ABCD z 
g.121*126 255 "86m 





B 
A, = {286 x (286 — 191) x (286 - 126) {286 - 255) 
Fig. 8.8 


= 11608.76 mê. 
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Now to calculate the area of the irregular figure, use of trapezoidal rule or Simpson’s rule can 
be made. The Simpson's rule require even number of increments, whereas the trapezoidal rule can 
be used for odd as well as even number of increments. In the present case since the number of 
increments is even, the area can be determined with either trapezoidal rule or Simpson’s rule. 


Area by trapezoidal rule 





4-42 EE +0, +0; +0, +0; +0, | 


In this case O, and O; are the end offsets, and therefore O, = O, = 0 m. 
0+0 





Thus A, =30x | 


= 30 x 19.2 = 576.00 m’. 


+3.642.84+424+494 3.7) 


Hence the total area of the tract 


A, tA +t A; 
11604.42 + 11608.76 + 576.00 
23789.18 m? = 2.4 hectares. 


Example 8.4. The area of an irregular boundary was measured using a planimeter. The initial 
and final readings were 9.036 and 1.645, respectively. The zero mark on the dial passed the index 
mark twice. The tracing point was moved in clockwise direction and needlepoint was outside the 
plan. Calculate the area of the plan if the multiplying constant of the planimeter is 100 cm’. 


li 


tk 


Solution: 
A-M(Rg-Rj €&10N +C) 
Since the needlepoint was kept outside the plan, C — 0, and the tracing point was moved in 
clockwise direction, N = +2. Thus 
A = 100 x (1645—9.036 10x 2) = 1260.9 m’. 


Example 8.5. An area defined by the lines of a traverse ABCDEA is to be partitioned by a line 
XY, X being on AB, and Y on CD, having bearing 196?58'. The area of XCDYX has to be 
30100 m°. The coordinates of the traverse stations are given in Table 8.2. 


Fable 8.2 


AM ei 
| 610_]1010 | 760) 


E—L——— | 





Solution (Fig. 8.9): 
Let X be at a distance of x from B on AB, and Y be at a distance of y from C on CD. Since 
A and B have equal northings, i.e., N 760, the coordinates of X can be written as 


Easting of X = Easting of B — x 
= (1010 - x) = y (say) 
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Northing of X = Northing of A or B 
= 760 = À (say). 
x n 
KC —— x ——9M 
4 Ad XY B 
(E 610, N 760) (E 1016, N 760) 
(b) 
DLE 586, N 380) 
4 XM 
E i — C MES. BE P| (E760, N 260) 
yw— 
D (a) e 
Fig. 8.9 
From Fig. 8.9b, we find that 
AEy | Y _ ANY 
AE CD AN 
We have AE = 760 — 580 = 180 m 
AN = 380 - 260 = 120 m 
CD = (AE? + AN?) 
= JOBE +1207) = 216.33 m. 
AE 180 
Th = TET = 0. 
erefore AE, cp” 21633^ 0.832 y 
AN 120 
AN, = —— y = ——— y = 0.555 
OUT CU OD 21633" 7 
and Easting of F = Easting of C — AE, 
= 760 — 0.8312 y = a (say) 
Northing of Y = Northing of C + AN, 


260 — 0.555 y = B (say). 


Now the bearing of XY being 196°58', the bearing of YX will be 196*58' — 180° = 16°53’. 


Thus tanl6 58’ = 


0.30509 


Ex-fr  y-9 
Nx-Ny Aà-P 
Y —ü 





A- 
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Y-a = 0.30509 (A — p) 
1010 — x — 760 + 0.832 y = 0.30509 x (760 — 260 — 0.555 y) 
x = 97.455 + 1.001 y. 
Therefore Easing of Y = 1010 — (97.455 + 1.001 y) 


912.545 — 1.001 y =x" (say) 
Northing of X = 760 m. 
Now writing the coordinates of X, B, C, Y, and X in determinant form 
X B C Y 
x" 1010 760 ü 


x 
" r r 
“ P " 
" Ca = m 
= Fal = 
"i + Fl BU 
E E z r 


760 760 260 B 760 


The area of the traverse XBCEYX is 
d= Zx [x"x 760 — 760 x 1010 +1010 x 260 ~ 760 x 760 + 760 x p — 260 xa 
+a x 760-8 xx'] 


-5 x [(760 — B )x’ + 7608 + 500% — 1082600] 


x {(760 — 260 - 0.555 y)x (912.545 — 1.001) + 760 x (260 + 0.555y) 


— 
— 


bo | = 


+ 500 x (760 — 0.832.) - 1082600] 


- =” lo.556y? - 1001.312y - 48727.5] 


Since the traverse XBCYX has been considered in clockwise direction, the sign of the computed 
area will be negative. Therefore 


— 30100 


- x lo.ss6y’ -1001.312y — 48727.5} 


0.556y? —1001.312y —48727.5 = — 60200 


! 
i 


0.556y^ —1001.312y +11472.5 
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The solution of the above equation gives 
y = 23.06 m 
and x = 97.455 + 1.00] x 23.06 = 120.54 m. 
Thus the coordinates of X and Y are 
Ey = 912.545 — 1.001 x 23.06 
E 889.46 m « E 889 m 
Ny = N 760 m 


Ey = 760 — 0.832 x 23.06 
= E 740.81 m s E 744 m 
Ny = 260 + 0.555 x 23.06 


N 272.80 m = N 273 m. 


Example 8.6. Calculate the area of cross-section that has breadth of formation as 10 m, center 
height as 3.2 m and side slopes as ] vertical to 2 horizontal. 


Solution (Fig. 8.10): 


A cross-section having no cross-fall, i.e., the ground transverse to the center line of the road 
is level, is called as a level- section. The area of a level-section is given by 


A = h(b + sh) 
where 
h = the depth at the center line in case of cutting , and the height in case of embankment, 
b = the formation width, and 
l in 5 = the side slope. 


The widths w are given by 


b 
w= z+% 
It is given that 
b= 10m 
h-32m 
s = 2. 


m EEEEEECEF'ETHENUR rrr rang eee 7n inane 





M75 m 5279 
(2) Cutting (b) Embankment 


Fip. 8.10 
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Hence the area 


A = 32x(10- 2x32) = 5248 m°. 


Example 8.7. Compute the area of cross-section if the formation width is 12 m, side slopes 
are 1 to 1, average height along the center line is 5 m, and the transverse slope of the ground is 
10 to 1. 


Solution (Fig. 8.11): 


A cross-section that has a cross-fall is known as two-level section. For such sections the area 








is given by 
i [ {b ) 4 
= —|i—-csh|(wt-w)-— 
A SE ( 2 
b 
where w = s (bean) 
n-s 
= n+s\2. | 


| in z = the cross-fall of the ground. 





(a) Cutting (b) Embankment 
Fig. 8.11 
From the given data, we have 
b = 12m 
h= 5m 
s=1 
n= 10. 


To calculate the area, let us first calculate w; and w3. 





wi = a «[ Zatxs]- 12.22 m 
Il0-1.X2 





10 12 
= awe + 1x § | = 


| [12 12? : 
Therefore A = 2 cy +1x5 (12.22 10.00) E X 157.00 m*. 
X 
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Example 8.8. The following data pertains to a cross-section: 


Formation width = 18 m 


Depth of cut at the midpoint of formation = 3 m 
Transverse slope on the right side of midpoint = 10 to 1 
Transverse slope on the left side of midpoint = 7 to 1 


Side slope = 2.5 to 1. 
Compute the area of the cross-section. 
Solution (Fig. 8.12): 


In this problem the original ground surface has three different levels at A, B, and C, and such 
sections are known as three-level section. The area of a three level-section 1s given by the following 

















expression. 
1 b p 
A 5 | x As 
- 1/24 sy, t 
where "= sl? —— 39 Wn tC 
w = n) [+ sh} | 
2? n ts\2 
MC 5/2 et — 
It is given that b - 18m Fig. 8.12 
h-3m 
s = 2.5 
ny = 10 
n, = 7. 
10 18 
N zx X 18 2%3)- 18.75 m 
ow "^ 10-2 E 
w = Z9 <(B+2%3} 11.67 m. 
7-2 2 
1 18 18? 
Therefore A= 1 (1875 +1167)(3+ 385) 4x2 


= 73.58 mf. 
Example 8.9. Calculate the area of a cut section shown in Fig. 8.13. 
Solution (Fig. 8.12): 


Since the point B at which the level is changing from 1 in 18 to 1 in 10 is not on the center 
line, there is no standard expression for such a three-level section. Let us derive the expression for 
determination of the area. | 











, ! 
GE = þh = 5 FE i 
erena je 
FD = b= >~FE - 
eX ' 7D 
Hi- 8 m -8 m -H 
m x5 coin 
EN Vu 
m —45 ` K 
N | 
Ws, = 2 (b, + sh). . 
-- Fig. 8.13 


The area of the cross-section ABCDGA is given by 
A = Area of AABJ — area of AGFJ + area of ABCH  — area of AEDH 


l l l l 
= —WBJ -GE EJ +—wmBH - ED EH 
2 2 2 2 


- >í BJ -b EJ + w,BH -b EH) 
Now BJ = BE + EJ = BE + Ê 
waa 
$ 
B b 
BH = BE + EH = BE + = 
EH = 2 
S 


From the figure, we have 
16 
b = ,*19- 9.0 m 


16 
b, = 5 i10- 7.0 In 


s = 3, n, = 18, n, = 10 

h = 1.0 m= BE, b = 16 m. 
18 
18-2 


/— 10 
"2. 1042 





Therefore w = x (9.0 +3x1.0)= 13.5 m 





x (7.0 +3x1.0)= 8.33 m 
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BJ = 10 + —= 5.5 m. 
p- as 
=- -= 
7.0 
BH = 1.0 * 57545 
7.0 
EH - 37 3.5 m. 


Therefore the area of cross-section 
A= Zx (13.5 x 5.5 —9.0 x 4.5 +8.33 x 4.5 — 7.0 3.5) 


= 23.37 m. 


Example 8.10. The width of a certain road at formation level is 9.50 m with side slopes 1 
in 1 for cut and 1 in 2 for filling. The original ground has a cross-fall of 1 in 5. If the depth of 
excavation at the center line of the section is 0.4 m, calculate the areas of the cross-section in cut 
and fill. 


Solution (Fig. 8.14): 


The transverse slope of the ground as shown in Fig. 6.13, may intersect the formation level 
such that one portion of the section ts in cutting and the other in filling. In such cases the section 
is partly in cut and partly in fill, and they are known as side hill two-level section. 


Since the side slopes in fill and cut are different, the areas of fill and cut will different as below. 





Area of fill = + 
2 nH-—sS 
2 
b nh 
Area of cut = — 2 . 
> #-r Fig. 8.14 


The side widths can be calculated from the following expressions. 


n (6 
= —+?rh 
M (5 | 


Wy r 2-9]. 
n—-si2 
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In Fig. 8.13, the center of the formation is lying in cut. If the center of the cross-section lies 
in the fill, in the expressions the + À is replaced by — A and vice-versa to get the areas, ie. 


2 
(2+ 
Area of fill = ——————— 


tə | 
= 
| 
ta 


Area of cut = 


The given data are 


~~ | ^ ee VP 
| 

-vow 

& hi 

d g 


= $, 
Since the center of formation is lying in cut, we have 
2 
i -*5x04 
l 2 3 
Area of cut = 2*7 s. T = 5.70 m 
2 
295 _ 5x 0.4 
1 2 1 
Area of fill — 2*7 3-3 . = 1.26 m". 


Example 8.11. A new road is to be constructed with formation width of 20 m, side slopes 
of 1 vertical to 2.5 horizontal. The heights of fill at the center line of three successive cross- 
sections, 50 m apart, are 3.3 m, 4.] m, and 4.9 m, respectively. The existing ground has a cross- 
fall of 1 in 10. Calculate the volume of the fill. 


Solution (Fig. 8.11b): 
It is the case of two- level section for which the area is given by 


(arme m 


n [b 
where w = E * sh , 


li 





n-si2 


z (en 
"2^ nesi2 
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The volume of fill is' given by the end-areas rule, i.e., 
A, + 
y = (425. 4. 
2 
and by prismoidal rule 
d 
y = 34 + A, * 44, ) 


where Aj, A, and A; are the areas of the three cross-sections. 
The following are given 


b = 20m 
s = 2.5 
n= 10 
d = 50m 


hy, ta, h, = 3.3 m, 4.1 m, 49 m 
For section-1 














10 {20 
Wi = 10-25 «(P+ 25%33)- 34 77 th 
10 20 
= — — -2.5 3.3 = 
"2 IE: i ) 14.60 m 
1 20 20? 
= ~~ 4+ 2.5 x 3,3 |x (24.27 414.60) - — 
^ (3 DT K +14.60)--; | 
= 101.88 m. 
For section-2 
10 20 
w = prisa = 26.93 m 
10 20 | 
= -———cx|l-25x44l- 
Way exl 2 tax | 16.20 m 
1 20 20? 
- == + 2.5 x 4.1 |x {26.93 +16.20)- — 
4, AE CM jt 7^ | 
= 134.68 ny. 


For section-3 


10 20 
=E — x — + 2.5 x 4,9 = . m 
Wi 10-25 í 2 ) 29.59 m 
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10 20 
= X|— T 2.5 X 4.9 = 
"2 = 1042.5 l 2 ) 17.80 m 
2 
ken 2. 25x49 |x (29.59 +17.80)— 20. 
2x2.5 2 2 
= 170.89 m°. 
Therefore 
by end-areas rule 
9 [oum £170.89 | i348) 


= 13553.3 = 13553 m°. 


and by prismoidal rule 
y = im (101.88 + 170.89 + 4x 134.68) 


= 135248 « 13525 m’. 


Since the end-areas rule gives the higher value of volume than the prismoidal rule, the volume 
by the former can be corrected by applying prismoidal correction given by the following formula 
for a two-level section. 





C. = (s -hy 





6 
44.9 | 253,55 [ 1" 1 on 
6\n?-s?} 6 "7 (10-25) ^^ 

Now Cy = 2222x(3.3- 4.1 = 1422 m’ 


Cy; = 2222x(41-4.9)' = 1422 mò. 
Total correction 
C, = Coy + C; = 2 X 1422 = 2844 m.. 
Thus the corrected end-areas volume 
= 13553 — 28.44 = 13524.56 = 13525 m°. 


Example 8.12. Fig. 8.15 shows the distribution of 12 spot heights with a regular 20 m spacing 
covering a rectangular area which is to be graded to form a horizontal plane having an elevation 
of 10.00 m. Calculate the volume of the earth. 

Solution (Fig. 8.15): 


Since the finished horizontal surface has the elevation of 10.00 m, the heights of the corners 
above the finished surface will be (4 — 10.00) where h is the spot heights of the points. 


AREAS AND VOLUMES 2717 


Now 
Zh, 17,18 + 17.76 + 18.38 + 17.76 = 71.08 m 
Lh, = 17.52 + 18.00 + 18.29 + 18.24 + 17.63 + 17.32 = 107.00 m 





rh, = 0 

Eh, = 17.69 + 18.11 = 35.80 m FU so 7800.. o. 2829 28,38 

A= 20 x 20 = 400 m°. aE | | 
The volume is given by is "is sett sabe 

_ A(Eh + 25h + 32h AER) | | 

F = —_—_ 20 
27.18. 27.32. 2268 27176 

- 400% (17.08 + 2 x 107.00 + 3x 0+ 4 x 35.80) C 20 — 39€ —— 20 — 9«& 20 —X» 

4 Fig. 8.15 


37428.00 m. 


Example 8.13. The area having spot heights given in Example 8.12 to be graded to form a 
horizontal plane at a level where cut and fill are balanced. Assuming no bulking or shrinking of the 
excavated earth and neglecting any effects of side slopes, determine the design level. 


Solution (Fig. 8.15): 
Let the design level be k. Thus 
Lh, = (27.18 — A) + (27.76 — h) + (28.38 — A) + (27.76 — h) = 111.08 — 4h 


Eh, = (27.52 — h} + (28.00 — h) + (28.29 — h) + (28.24 — h) + (27.63 — h) + (27.32 ~ h) 
= 167.00 — 6h 

Lh, = 0 

Ah. = (27.69 — A) + (28.11 — A) = 55.80 — 2h. 


Since the cut and fil] are balanced, there will be no residual volume of excavated earth, 
therefore 





- “x [(111.08-4n)+ 2(167.00—6h)+3x 0+ 4(55.80 — 2A)] 
0 = 668.28 — 24h 
„o $6828 Vas 

= 24 = " m. 


Example 8.14. The stations P and Q were established on the top of a spoil heap as shown 
in Fig. 8.16. Seven points were established at the base of the heap and one at the top on the line 
PQ. The observations given in Table 8.3 were recorded using a total station instrument from the. 
stations P and Q keeping the heights of instrument and prism equal at both the stations. 
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Reference & ^ 
zero 


Fig. 8.16 
Table-8.3 


i a g | | sii MM My | | 
TTE FPH LLLI j I'll 
Di = il. | " d i 
IAPA H Tht er AE li 
j j i iit | | 
at Halli MI 


il ils " 







HM] USES cxi i 
iln: p» ees 





aeneae [| - 
sree | mx [oso] 
pease | wm | =e [= 
p= | o - [Pb o- q3m5u637| 45.41 - 5.67 
H 19191400" | 28.72 * 0.53 


Determine the volume of heap above a horizontal plane 6.0 m below the station P. 
Solution (Fig. 8.17): 


For such problems, the volume is calculated from a ground surface model consisting of a 
network of triangles. Further, it may be noted that if the point H does not lie on the ridge joining 
the stations P and Q, the iop of the ridge would be truncated. 


As shown in Fig. 8.17, the volume bounded between the ground surface and the horizontal 
surface 1s the sum of the volumes of the triangular prisms with base in horizontal plane and having 
heights ¿quai to mean of the three heights of the corners. For example, the volume of the prism 


: a ` ~s 
p 4 x à - 
i Ges a Aa U, E is 


42.89 








— 


Qll DlA wey» 


x 
Ay Ai — 
x n M 
SST eae E 
P- wesse 
Ó 7 "Pa 
= At^ 
==> ù 
Nat - PRN 
= YE Ba) 


h +h, th 
T x area of triangle 1'-2'-3' 


= h x area of triangle 1'-2'-3' 
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hy +h, +h, 
— 7 


in the present case, since the lengths of two sides of a triangle and the included angle are 
known, the area of the triangle can be computed from the following formula for a plane triangle. 
l 


where h = 


A= = ab sin C , Ground surface 


Let us calculate the volume under the triangle PAB. 
ZAPB = Direction to B from P — direction to A from P 





= 281?26'18" — 2301524" = 51?10'54" 2 
PA = L, = 50.23 m " " 
PB = L, = 41.69 m . r 
Height of P = h, = 6.00 m 
Height of 4 = h, = 6.00 — 5.65 = 0.35 m 


Horizontal surface 


Height of B 


h, = 6.00 — 5.34 = 0.65 m 


i 
Mean height 4 z% (6 +0.35 + 0.65) = 2.33 m 


ll 


Volume 2.33 x ; x50.23x 41.69 x sin 5171054" = 1900.79 nv. 


Table 8.4 





51*10'54 . . . - . 
PBC s7 | 251 | 128673 — 





PCD 3728 | 46.17 | 6.00 | 0, [882.85 
PDE | 79°35'S0" | 46.17 | 4833 | 6.00 | 2491.00 — 
PEH | 79°19'24" | 48.33 | 20.13 | 6.00 1988.56 
PHA 20.13 | $0.23 1543.74 
QAH 2246.81 
OHE 28.72 | 5896 | 572 | 6. 2839.64 
QEF 57 260027 
QFG 1487.77 
QGA 3435 | 4289 | 5721 001 | 0. 03 | 1364.77 
Total = 21643.93 


= 21644 
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The horizontal plane is 6 m below P, or (6 + 0.25) = 6.25 m below H, or (6.25 — 0.53) = 
5.72 m below Q. Therefore, to calculate the heights of the corners of the triangles, observed from 
P, the height 6.00 m of P, and observed from Q, the height 5.72 m of Q, above the horizontal plane 
have to be considered. 


Table 8.4 gives the necessary data to calculate the volume of triangular prisms. 


Example 8.15. Fig. 8.18 shows the spot heights at the nodes of the squares of 20 m side in 
certain area. With origin at O, three points P, Q, and R were located having coordinates as 
(23.0 m, 44.0 m), (86.0 m, 48.0 m), and (65.0 m, 2.0 m), respectively. It is proposed to raise the 
area POR to a level of 50.00 m above datum, Determine the volume of earthwork required to fill 
the area. 


463. 420.423... 429-. 482... - 
| 


465 ...A6R 47.5. Ai. ARIS p 


[eee ii © 
Fee nee iz 468. .... .. 425 
| PE | Fi bl 
4645 . 4h0: "477 AB4 49,0 j HE yy le 
NY F EM EM 
| ` / | P 
^ Ll 474... 480. .^486 _ 490 | yw 
| | wor | wo iY ^en 
| x " | | w 
474 . 479 ...4&8.... A&9 galas 
Oo 
Fig. 8.18 Fig. 8.19 


Solution (Fig. 8.18): 


To determine the heights of the points P, O, and A above datum, let us define the squares as 
shown in Fig. 8.19. 


For the point P 


L = 20 
x 230-2025 30m 
E-x = 20-30 = 170m 
y = 44.0 - 40 = 4.0 m 
L-y = 20 -— 40 = 160 m 
Z, 7 470m, Z= 47.7 m, Zc = 468 m, Zp = 475 m. 
Zp = zril - XXE - 9, e XL -ys + L220 xz] 


$5 [70160470 30x16.047.7 + 4.0%17.0%46.8 


+3.0x4.0x 47,5] 
47.1 m. 
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For thé point Q 


For the point R 


The area of APOR 
PO 
OR 


RP 


Area A 
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= 86.0 — 80 = 6.0 m 


20 — 6.0 = 14.0 m 


= 48.0 - 40 = 8.0 m 


20 — 8.0 = 12.0 m 


= 490 m, Z= 49.3 m, Zc = 48.7 m, Zp = 489 m. 


I 
Ly x[14.0x12.0x 49.0 + 6.0x 12.0 49.3 + 8.0x 14[.0x 48.7 


+ 6.0 x 8.0 x 48.9] 
49.0 m. 


= 65.0 - 60 = 5.0 m 


20 — 3.0 = 15.0 m 

2.0 -0 = 2.0 m 

20 — 2.0 = 18.0 m 

48.9 m, Zg 49.3m, Zp = 48.6 m, Zp = 490 m. 


zy 50 18.0 x 48.9 + 5.0x18.0x 49.3 + 20x 15.0x 48.6 


+5.0x 2.0 x 49.0] 
49.0 m. 


(23.0-86.0) +(44.0- 48,0) = 63.13 m 
(86.0 - 65.0) +(48.0-2.0) = 50.57 m 
(65.0— 23.0) +(2.0-44.0) = 59.40 m 


2 (PQ « OR+ RP) 


E x (63.13 + 50.57 459.40) = 86.55 m. 


[3(5 - POS - ORS - RP) 





1407.2 m*. 
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Depth of fills at P, Q, and R 


hp = 500 — 47.1 2 29 m 
ho = 500 - 49.0 = 1.0 m 
hp = 500 - 49.0 = 1.0 m. 


Therefore volume of fill 


Me +hg +h) 
3 


(2.9 1.0 41.0) 
3 


= 14072 x = 2298.4 x 2298 mi. 


Example 8.16. Along a proposed road, the volumes of earthwork between successive cross- 
sections 50 m apart are given in Table 8.5. Plot a mass-haul diagram for chainage 5000 to 5600, 
assuming that the earthworks were balanced at chainage 5000. The positive volumes denote cut and 
ihe negative volumes denote fill. Draw the balancing lines for the following cases: 


(a) Balance of earthworks at chainage 5000 and barrow at chainage 5600. 
(b) Equal barrow at chainages 5000 and 5600. 


Determine the costs of earthworks in the above two cases using the rates as under. 


(0 Excavate, cart, and fill within a free-haul distance of 200 m Rs. 10.00 /m? 
(ii) Excavate, cart, and fill for overhaul Rs. 15.00 /m? 
(i) Barrow and fill at chainage 5000 Rs. 20.00 /m? 
(iv) Barrow and fill at chainage 5600 Rs. 25.00 Am’. 


Table 8.5 
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Solution (Fig. 8.20): 


Taking cut as positive and fill as negative the cumulative volumes are determined at each 
chainage with zero volume at chainage 5000 since at this chainage the earthworks were balanced, 
and the same have been tabulated in Table 8.6. Plot the mass-haul diagram Fig. 8.19, taking the 
chainage on x-axis and the cumulative volumes on y-axis. 


Case (a): Since the earthworks have been balanced at the chainage 5000. there is no surplus 
or barrow at this chainage, therefore the balancing must commence from A which is the origin of 
the mass-haul diagram. This balancing line will intersect the mass-haul diagram at B and C leaving 
a barrow of 2000 m? at chainage 5600. 


Case (b) For equal barrow at chainages 5000 and 5600, the balancing hne must bisect the 
ordinate at chainage 5600, 1.¢., the balancing line EJ must pass through ./ such that DJ = JQ = 
DO/2 = - 2000/2 = — 1000 m? or 1000 m? barrow at chainages 5000 and 5600. 


Table 8.6 











ET | Value (o 


— 2100 
5100 — 4500 


5150 - 6000 
5200 |*100| - — — 4200 
5250 («2200 | = | ~- 2000 
ol 
EN 





0 
T 
5400 | +1300) - | +3100 
5450 | +300 | - — + 3400 
soo | - | -600| +2800 
5550 | -  |-2300| + S00 
s600 | - |-2500] -2000 


The free-haui distance is the distance up to which carting of the excavated material is done 
without any extra payment to the contractor, the cost of transportation being included in excavation 
cost. Beyond the free-haul distance if the excavation is to cart it is overhaul and a different unit 
rate 55 is applied. To show free-haul distance of 200 m, draw the balancing lines LM and NP 200 
m long. The volumes of excavation involved are given by the intercepts from LM to H, and NP 
to K. Since the balancing line indicates that cut balances fill over the length of the balancing line 
the earth will be cart a maximum distance of 200 m from M to L, and N to P, respectively. 
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Balancing line for 200 m 
free-haul distance 


(*) 


volume 


wag Cumulative (m^) — 


(-) 


Balancing line for 200 m 
free-haul distance 


* Augg 


- 6000 
Distance (m) —»- 


— $000 


Fig. 8.20 


Cost of excavation 


Case (a): The balancing line AC shows balance of earthworks at chainage 5000 with barrow 
at chainage 5600. The balancing lines LM and NP show free-haul distance of 200 m. In this case 
the remaining volumes to be overhauled are given by the ordinates LL, and NN,. 


From the mass-haul diagram, we get 

LL, = 2100 m’ 

NN, = 1400 m? 
And let r, = Rs 10.00 /m’, r, = Rs 15.00 fm’, r, = Rs 20.00 /m*, r, = Rs 25.00 Am’. 

Free-haul volume V, = Intercept between LM and H + intercept between NP and K 

(Ordinate of H — ordinate of L) + (ordinate of K — ordinate of N) 
(6000 — 2100) + (3400 — 1400) 
5900 m! 
Overhaul volume V, = Intercept between AB and LM + intercept between BC and NP 
(Ordinate of L — ordinate of A) + (ordinate of N — ordinate of B) 
(2100 — 0) + (1400 - 0) 


i 


!i 


i 


= 3500 m' 
Barrow at chainage 5600 V, = 2000 m° 
Therefore cost = Vir, + Vora Vy, 


5900 x 10.00 + 3500 x 15.00 +2000 x 25.00 
Rs. 161500.00 


ll 
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Case (b) The balancing line EJ shows equal barrow at chainages 5000 and 5600. The 
balancing lines LM and NP show free-haul distance of 200 m. In this case the remaining volumes 
to be overhauled are given by the ordinates LL, and NN,. 


From the mass-haul diagram, we get 


2000 
2. 
NN, + N.N, = 1400 + 1000 = 2400 m? 
LL, - L,L, = 2100 — 1000 = 1100 m? 


] 
LL, = NUN = Dj = 7 DR = =1000 m? 


NN, 
LL, 


Free-haul volume V, = Same as in the case (a) 


5900 m? 


Overhaul volume F, = intercept between LM and EF + intercept between FG and NP 


LL, + NN, = 1100 + 2400 = 3500 m? 


Barrow at chainage 5000 V, = 1000 m? 
Barrow at chainage 5600 V, = 1000 m’ 


Therefore cost = Fri + Vor, + Vary + Vary 


1. 


5900 x 10.00 + 3500 x 15.00 + 1000 x 20.00 + 1000 x 25.00 
Rs. 156500.00. 


OBJECTIVE TYPE QUESTIONS 


If area calculated by end - areas rule and prismoidal rule are A, and A, respectively, then 
(A, — Ap) 

(a) is always positive. 

(b) is always negative. 

(c) may be positive or negative. 

(d) is equal to zero. 

Prismoidal correction is required to correct the volume calculated 

(a) using contours. 

(5) using spot heights. 

(c) for a curved section. 

(d) by end-areas rule. | 

Curvature correction to the computed volume is applied when 

(a) the formation levels at the cross-sections are at different levels. 
(b) the successive cross-sections are not parallel to each other. 

(c) the distance between the successive cross-sections is quite large. 
(d) none of the above. 


5. 


7. 
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Free-haui distance is 
(a) the length of a balancing line. 
(b) the distance between two balancing lines. 


(c) the distance between two successive points where the mass-haul diagram intersects the line 
of zero ordinate. 


(d) the distance up to which carting of excavated material is done without extra payment. 
A mass-haul diagram indicates cutting if the curve 
(d) rises. 

(b) falls. 

(c) becomes horizontal. 

(d) none of the above. 

A mass-haul diagram indicates fill if the curve 

(a) rises. 

(b) falls. 

(c) becomes horizontal. 

(d) none of the above. 

Maximum ordinate on a mass-haul diagram occurs 
(a) at the end of a cut. 

(b) at the end of an embankment. 

(c) where cut and fill are balanced. 

(d) none of the above. 

A minimum ordinate on a mass-haul diagram occurs 
(a) at the end of a cut. 

(b) at the end of an embankment. 

(c) where cut and fill are balanced. 

(d) none of the above. 


ANSWERS 


1. (a) 2. (d) 3. (b) 4. (d 5. (a) 6. (b) 


7. (a) 8. (b) 


